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Introduction

HIS Note presents an analytic solution of the matrix

Riccati differential equation with a terminal boundary
condition for a special case. Assuming a solution of the form
S(t) = P(t)/f(t), we obtain linear differential equations for
determining the matrix P(¢) and the scalar function f(¢). It is
well known that in the linear quadratic optimal control prob-
lem for homing systems, control sequences that minimize a
given performance index may be calculated in terms of solu-
tions to the matrix Riccati equation.!"* Many effective meth-
ods exist for solving the matrix Riccati equation. However,
this Note presents a simple analytic means of solving the
matrix Riccati differential equation of the linear-quadratic
control problem for homing systems. Representation formulas
are given for the general solution of the matrix Riccati differ-
ential equation

8+ SF+FTS —SGR -G8 =0

using S = P(¢)/f(t), where f(¢) and P(¢) are solutions of
first-order ordinary linear differential equations. The given
technique is restricted to single input.

General Problem and Solution
The most general problem being considered here is to mini-
mize the quadratic performance index
1 1Y
J=5(xTSfx),f+5 xTOx + uTRu) dt )
to

subject to the linear homogeneous differential equations of
constraint

¥=FQ@)x + G@{)u 2
and the zero terminal miss distance boundary constraint
x(t)=0 3

Received March 9, 1992; revision received May 11, 1993; accepted
for publication June 3, 1993. Copyright © 1994 by Nedeljko Lovren
and Milos Tomic. Published by the American Institute of Aeronautics
and Astronautics, Inc., with permission.

*Professor, Department of Aerospace Engineering, Faculty of Me-
chanical Engineering.

tProfessor, Department of Mathematics, Faculty of Mechanical
Engineering.

619

where x is the n-component state vector, u is the m-compo-
nent control vector, Sy and Q are positive semidefinite ma-
trices, R is a positive definite matrix, and ¢is terminal time. It
is assumed that the initial state x(zy) is given.

The necessary conditions for optimality are

oH,

A = ; Aty = Spx(¢ 4
I () = Spx(2y) @
oH
== 5
o )
where
H = %xT0x + YauTRu + \T(Fx + Gu) 6)

Substituting Eq. (6) into Eq. (5), the solution for the optimal
closed-loop control law is obtained.

u=—-RIG™A @)
Now substitution of Eq. (7) into Egs. (2) and (4) gives
x F —GR-!' GT| |x
| = ., ®)
A -Q —-F A
with
x(%p) = Xxo and Aty = Spxs
We may assume a solution for Eq. (8) of the form
A@)=S@)x@) )
then
A=8@0x@) + S@)x() (10)
Substituting Eqgs. (8) and (9) into Eq. (10), we have
S+SF+FTS-SGR'GTS+Q0 =0 an
with boundary condition
Sy = 8(t) 12)

For the special case, which is considered in the paper by
Cottrell,'! Q = 0; Eq. (11) becomes

S+ SF + FTS — SGR "'GTS =0 (13)
Since Syis symmetric and Eqgs. (11) or (13) are symmetric, it is
clear that S is a symmetric matrix. In this Note, we show one
way to solve Eq. (13) with the boundary condition

C; 0---0
0 0---0

Sp=1] e (19
0 0---0
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and with the special case of the matrix
GT'=i0,...,0,g,0,...,0] (15)

Assume that there exists a symmetric matrix

1
S() =%P(t) (16)

which is the solution of the matrix Riccati equation (13) with
the boundary condition (14), where f(¢) is a scalar function
and P(¢) is a matrix function. According to Eq. (16), relations
(14) and (12) for ¢ = ¢, we have

1 0---0
0 0---0 .

Py=1] - , S = o) an
0 0---0

Substituting S(¢) from Eq. (16) into Eq. (13) yields

’ 1

— f;zp + =

J S

Using the fact that S(¢) is a symmetric matrix we see that the

matrix P(¢) must be a symmetric matrix. We now assume that
the matrix P(¢) can be written in the form

. 1
(P + PF + FTP) - 7POR - IGTP =0  (18)

P =DDT (19)

where
DT=[dy, dy ..., di...,d,] (20)
and d; is a scalar function. This restricts P and therefore S(¢)

is of rank one, which is permissible since it is consistent with
Eq. (14). Combining Eqgs. (18) and (19), we have

—f—;DDM} (D + FTD)DT + D(DT + DTF))

1
—FDDTGR'IGTDDT=0 21)

Equation (21) is satisfied for those functions f(z) and D(¢)
that are determined by the following equations:

D+F™ D=0 22)

f'DDT= — DDTGR ~'G™DDT 23)

with the boundary condition

1
DT(tp=11,0,...,0] Sfy) = c (24)

Equation (22) corresponds to the second equation of system
(8) for Q =0. In this way, we show that the problem of
solving the matrix Riccati equation (13) with the boundary
condition (14) is reduced to solving a suitable set of linear
differential equations (22) and (23) with the boundary condi-
tion (24).

Now, we will solve the linear differential equations (22) and
(23) for the case where R = a (constant parameter) and the
matrix G is given as

GT=1[0,...,0,8,0,...,0] (25)

Since we have assumed that the matrix P = DD7 is a singular
matrix, it is not invertible. Thus, from the definition of the
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product of matrices and the equality of matrices, we can solve
Eq. (23); that is

1
= =gl (26)

Solving Eq. (26), we can find the unknown function as

J®

Ve 2 j v
= -2\ d2ar @7
f(t) aly,

Using formulas (7), (9), (16), and (19), it is possible to write
the expression for the optimal closed-loop control law, that is

— _L -1T, T.
u= - oR™GTDDx (28)

Now, using Egs. (28), (20), and (15) for R = a, we have

1
U= ———gdM 29
7O )
where
M =DTx (30)

Special Case for the Homing System

The intercept geometry is shown in Fig. 1, where the follow-
ing variables are defined: ¢ is the line of sight angle, y is the
relative position, @y, is the target normal acceleration, ayy, is
the missile normal acceleration, and r is the relative range
vector. The dynamics are the same as used by Hammond?

y=yr—Jum
V=am —ay,
(3D
TdaM" + @y, = u
dt Mn =
daTn
0 +ar, = w(t
dr ar, w(?)
where w(t) is a stationary white noise with
E[w(t) w(tl)] = So(h — 1)
Equation (2) thus becomes
y 01 O 0 y 0 0
j - 1 } 0 0
41 = 00 ! Y + u+ w
dt | arm 00 -1/T O Arn /T 0
ar, 00 0 - 1/8| | ap, 0 1/6
(32)
.
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Fig. 1 Intercept geometry.
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The last term of Eq. (32) is not considered because the vector
state x is replaced by the estimated vector state £. Thus, we
have

¥y 01 0 0 0
j 00 -1 1

£ = Y ; F = ; G = 0
Apn 00 -1/T O /T
. 00 0 —1/8 0

(33)
The differential equation (22) for D gives

d 00 0 0 d,
d, 1 0 -1 0 A
=~ DT =11,0,0,0] (34
d, 0 -1 -1/T 0 dy| ¥ [ 134
ds 0o 1 0 —1/6| |da

The solution for D(7) in this case may be written from Eq.
(34) as

DI=[l,7, TX(1—e ") —Tr, 8" - 1) +61] (35
where 7 is the time to go defined as
T=1—1 (36)

Using Egs. (19) and (35), we may express P as

1 T P Py,
72 P. P
P T 223 24 G7)
Py Py P Py, Py,
Py Py PyPy P}
where
P13 =P31 = T2(1 —e‘T/T)—- Tr
Py =Py = 7[T*(1 —e~"T) - T1]
(38)
P14 = P41 = 02(e“’/9— 1) + 07
P24 = P42 = 7[02(3_1/9_ 1) + 07]

Using Egs. (27) and (36) and

a=1; r=3; &= d=THl-e "T)-T7

1
T y
we have

0
fo = cil - %ST[TZ(I —e~"T)—Tr2dr 39)

or

f()—i 1+CT3 2+"—3 2e-u+1_e_2u (40)
”_C, 1 (u K3 M 2 )

where
== @1)
k=T
The optimal control law from Eq. (29) is then
1
U=-m CWy +m+ [TH1—e ")~ T1lap,
+[0%(e~""—1) + 07laz, } 42)
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where
l—e #—pu
Clw) = 43)

W/ CTH+p—p?+ Y pP—2ue *+ Y (1—e~ %)
and the predicted miss distance becomes
M=y + 79+ [TH1—e~"T)— T1lay,

+6e~""—1) + brlap, (44)

Conclusions

This Note has presented the analytic derivation of the opti-
mal closed-loop guidance law for a finite-bandwidth homing
missile intercepting a maneuvering target and has provided a
simple analytic means of solving the matrix Riccati differential
equation. The resulting optimal guidance law agrees with the
result determined by Hammond and includes the result ob-
tained by Cottrell and Asher. The major contribution of this
Note lies in the analytic solution of the matrix Riccati differen-
tial equation.
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Estimation of Modal Parameters of
Linear Structural Systems Using
Hopfield Neural Networks
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1. Introduction

A RTIFICIAL neural networks (ANNs) can be considered

highly interconnected dynamic systems wherein the main
building block is a neuron. Two major types of artificial neural
network architectures being investigated are feedforward- and re-
current-type network architectures. Previous research in feedfor-
ward-type ANNs show advantages in this type of network’s ability
to learn a control function.'* Networks can be trained by a teacher
that may be implementing a linear or nonlinear control algorithm.
In essence, a feedforward-type neural network can be trained to
approximate a hypersurface between the inputs and outputs. The
use of ANNs for estimation purposes is rarely studied. This may be
due to the fact that system dynamics cannot be explicitly retrieved
from feedforward network connection strengths because the net-
work learns only mapping functions. Recurrent-type neural net-
work architectures do not suffer from this drawback. Recurrent-
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